
14

2

2.1

μ , μ

μ n X1 ∼ X2 ∼ · · · ∼ Xn ∼ μ

( X1 ∼ X2 , X1 = X2 Xn ∼ μ ,Xn = μ)

θ θ = θ(X1, X2, ..., Xn) n

=
���������������������������

= X =
X1 +X2 + · · ·Xn

n

=
������

= m, = = σ2

E(X) = E

(
X1 + · · ·+Xn

n

)
=

E(X1) + · · ·+ E(Xn)

n
=

nm

n
= m

X m

V (X) = V

(
X1 + · · ·+Xn

n

)
=

1

n2
(V (X1) + · · ·+ V (Xn)) (∵ )

=
nσ2

n2
=

σ2

n

( lim
n→∞V (X) = 0 , X n → ∞ (= m) )

=
�������������������������������

= Ŝ2 =
1

n− 1

n∑
i=1

(Xi −X)2

Ŝ2 σ2 E(Ŝ2) = σ2
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( )

E(Ŝ2) =
1

n− 1
E

(
n∑

i=1

(
X2

i − 2XiX + (X)2
))

=
1

n− 1

(
n∑

i=1

E(X2
i )− 2E

(
n∑

i=1

XiX

)
+ nE((X)2)

)

=
1

n− 1
(nE(X2

1 )− nE((X)2)) =
n

n− 1
( (V (X1) + E(X1)

2)− (V (X) + E(X)2) )

=
n

n− 1

((
σ2 +m2

)− (σ2

n
+m2

))
=

n

n− 1

n− 1

n
σ2 = σ2

2.2

μ n X1 = x1, X2 = x2, ..., Xn = xn ,

L(x1, x2, ..., xn|Θ) =

{
P (X1 = x1)P (X2 = x2) · · ·P (Xn = xn) · · ·
fX1(x1)fX2(x2) · · · fXn(xn) · · ·

θ̂

( ) θ x1, x2, ..., xn θ̂ = θ̂(x1, x2, ..., xn) Θ

, X1 = x1, X2 = x2, ..., Xn = xn ,

, θ̂ x1, x2, ..., xn

logL θ , ∂
∂θ logL = 0

2.3

,

,

, ,

Tn θ , L = fX(x1) · · · fX(xn) ,

V (Tn) ≥ 1

E
((

∂
∂θ logL

)2) =
1

V
(

∂
∂θ logL

) =
1

In(θ)
(= )

, T̂n (= )

( ) ,

1 =

∫
R

fX(x1)dx1 · · ·
∫
R

fX(xn)dxn =

∫
· · ·
∫
Rn

L(x1, x2, ..., xn|θ)dx1 · · · dxn
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, θ 偏

0 =

∫
· · ·
∫

∂

∂θ
L(x1, x2, ..., xn|θ)dx1 · · · dxn

=

∫
· · ·
∫ (

∂

∂θ
logL(x1, x2, ..., xn|θ)

)
L(x1, x2, ..., xn|θ)dx1 · · · dxn

= E

(
∂

∂θ
logL(X1, X2, ..., Xn)

)
· · · 1©

, Tn θ ,

θ = E(Tn(X1, X2, .., Xn)) =

∫
· · ·
∫

Tn(x1, x2, .., xn)L(x1, x2, ..., xn|θ)dx1 · · · dxn

θ

1 =

∫
· · ·
∫

Tn(x1, x2, .., xn)
∂

∂θ
L(x1, x2, ..., xn|θ)dx1 · · · dxn

=

∫
· · ·
∫

Tn(x1, x2, .., xn)

(
∂

∂θ
logL(x1, x2, ..., xn|θ)

)
L(x1, x2, ..., xn|θ)dx1 · · · dxn

= E

(
Tn(X1, X2, .., Xn)

∂

∂θ
logL(X1, X2, ..., Xn)

)
· · · 2©

∴ 1©, 2© , 1 = E

(
(Tn(X1, X2, .., Xn)− θ)

∂

∂θ
logL(X1, X2, ..., Xn)

)
∴ E(XY ) ≤

√
E(X2)

√
E(Y 2) ,

12 ≤ E
(
(Tn − θ)

2
)
E

((
∂

∂θ
logL(X1, X2, ..., Xn)

)2
)

θ = E(Tn) (∵ ) ,

V (Tn) ≥ 1

E
((

∂
∂θ logL(X1, X2, ..., Xn)

)2)

, E

(
∂

∂θ
logL(X1, X2, ..., Xn)

)
= 0 ,

E

((
∂

∂θ
logL(X1, X2, ..., Xn)

)2
)

= V

(
∂

∂θ
logL(X1, X2, ..., Xn)

)

= V

(
∂

∂θ
log f(X1) + · · ·+ ∂

∂θ
log f(Xn)

)

= nV

(
∂

∂θ
log f(X1)

)
= nV

(
∂f
∂θ

f
(X1)

)
(= In(θ) = nI1(θ))

, Tn−θ̂ = c

(
∂

∂θ
logL(X1, X2, ..., Xn)

)
c , x1, ..., xn

, , 0 =
∂

∂θ
logL(x1, x2, ..., xn) , Tn = θ̂ =
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2.4

2.4.1 Be(p) 2 B(n, p)

X ∼ Be(p)

X 0 1

1− p p
X = 1 : X = 0 :

,

E(X) = 1× p = p V (X) = E(X2)− (E(X))
2
= p− p2 gX(t) = E(tX) = 1− p+ pt

n Be(p) , Y = X1 +X2 + · · ·+Xn Xi ∼ Be(p) ,

Y ∼ B(n, p) ( n, p 2 ) (n )

,

P (Y = k) =

(
n

k

)
pk(1− p)n−k (k = 0, 1, 2, ..., n)

,(
n

k

)
= nCk =

n(n− 1) · · · (n− k + 1)

k!

E(Y ) = E(X1 +X2 + · · ·+Xn) = nE(X1) = np

V (Y ) = V (X1 +X2 + · · ·+Xn) = nV (X1) = np(1− p) (∵ )

gY (t) = E(tY ) = E(tX1+···+Xn) = E(tX1) · · ·E(tXn) = (1− p+ pt)n (∵ )

( )

E(Y ) =

n∑
k=0

kP (Y = k) =
n∑

k=0

k

(
n

k

)
pk(1− p)n−k =

n∑
k=1

n

(
n− 1

k − 1

)
pk(1− p)n−k

= n
n−1∑
l=0

(
n− 1

l

)
pl+1(1− p)n−1−l (l = k − 1)

= np(p+ (1− p))n−1 = np

E(Y (Y − 1)) =

n∑
k=0

k(k − 1)

(
n

k

)
pk(1− p)n−k =

n∑
k=2

n(n− 1)

(
n− 2

k − 2

)
pk(1− p)n−k

= n(n− 1)
n−2∑
l=0

(
n− 2

l

)
pl+2(1− p)n−2−l (l = k − 2)

= n(n− 1)p2(p+ (1− p))n−2 = n(n− 1)p2

∴ V (Y ) = E(Y (Y − 1)) + E(Y )− (E(Y ))2

= n(n− 1)p2 + np− (np)2

= np(1− p)
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gY (t) = E(tY ) =

n∑
k=0

tk
(
n

k

)
pk(1− p)n−k =

n∑
k=0

(
n

k

)
(pt)k(1− p)n−k = (1− p+ pt)n

, 2

X ∼ B(n, p) Y ∼ B(m, p) X + Y ∼ B(n+m, p)

∵ gX+Y (t) = gX(t)gY (t) = (1− p+ pt)n(1− p+ pt)m = (1− p+ pt)n+m = gB(n+m,p)(t)

Be(p)

X1 ∼ X2 ∼ · · · ∼ Xn ∼ Be(p)

Be(p) n X1, X2, ..., Xn x1, x2, ..., xn xi ∈ {0, 1}

P (X1 = x1) =

{
p · · ·x1 = 1

1− p · · ·x1 = 0
, P (X1 = x1) = px1(1− p)1−x1

∴ L(x1, x2, ..., xn|θ) = P (X1 = x1) · · ·P (Xn = xn)

= px1(1− p)1−x1px2(1− p)1−x2 · · · pxn(1− p)1−xn

= px1+x2+...+xn(1− p)n−(x1+x2+...+xn)

∴ logL = (x1 + x2 + ...+ xn) log p+ (n− (x1 + x2 + ...+ xn)) log(1− p)

0 =
∂

∂p
logL = (x1 + x2 + ...+ xn)

1

p̂
+ (n− (x1 + x2 + ...+ xn))

−1

1− p̂

∴ p̂ =
x1 + x2 + ...+ xn

n
(= )

logP (X = x) = x log p+ (1− x) log(1− p)

∂

∂p
logP (X = x) =

x

p
− 1− x

1− p
=

x(1− p)− p(1− x)

p(1− p)
=

x− p

p(1− p)

∴ V

(
∂

∂p
logP (X)

)
= V

(
X − p

p(1− p)

)
=

V (X)

p2(1− p)2
=

1

p(1− p)

∴ 1

In(p)
=

1

nI1(p)
=

p(1− p)

n

, V (p̂) = V

(
X1 +X2 + ...+Xn

n

)
=

V (X1)

n
=

p(1− p)

n
p̂

∴ p̂ =
X1 +X2 + ...+Xn

n

2.1 120 6 = X

(1)P (X = k) (2)E(X) (3)V (X) (4)gX(t) = E(tX) (5)E(X(X − 1)(X − 2))

(6)P (X = k) k ( )
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